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Introduction
In many situations, a dynamical system is found to be apparently at rest or in some steady state

condition. When the system is given a small perturbation, it either settles in an oscillation about its

original position of rest (or equilibrium)or it moves away from original position.

When the system is displaced slightly from its “stable” equilibrium position, it undergoes

oscillation. The cause of oscillation is the restoring forces which are called into play. Restoring

forces can do both positive and negative work. When the work done is positive, the restoring forces

change the potential energy into kinetic energy and when the work done is negative, they change

kinetic energy back into potential energy. As long as the amplitude of oscillation is small enough,

the restoring force is proportional to the displacement (F=−kx) and the motion describes an

amazingly simple and generic character. The system behaves like a set of independent one-
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amazingly simple and generic character. The system behaves like a set of independent one-

dimensional oscillators. Such oscillators are called linear oscillators. The generalized coordinates

describing each oscillator are called normal modes. For linear oscillators, the oscillation

frequencies are independent of the amplitude of oscillation. Oscillator motion can be damped in the

presence of resistive forces. Resistive forces extract energy from the oscillator. For low velocities,

the resistive forces are proportional to velocity. Oscillators, whether damped or undamped, can be

driven by external agencies which continuously supply energy to the oscillator to keep it

oscillating. Such oscillators are known as “forced” or “driven” oscillators. Driven oscillators can

cause amplitude of oscillation to become very large when the driving frequency matches the

natural frequency of oscillation. This is known as the phenomenon of resonance.



Equilibrium and stability
The state of equilibrium is a defined as one in which the total amount of external force or torque

(internal or external) cancel out for some configuration of the system and unless the system is

perturbed by an external agency, it stays indefinitely in that state.

Alternatively, it is an state in which the time derivatives of physical variables (i.e., observables)

are zero.

•If the total force on a rigid body is zero then the body shows translational equilibrium as the linear 

momentum remains unchanged despite the change in time.

•If the total torque on a rigid body is zero then the body shows rotational equilibrium as the angular 
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momentum does not change with time.

Static equilibrium:
It is a state of zero kinetic energy that continues indefinitely and the immediate surrounding of the

system does not change with time.

Example: a ball in side a bowl.

Dynamic equilibrium:
It is also a state of zero kinetic energy but the immediate surrounding of the system change with

time such that it exerts a balancing force on the system.

Example: a ball static on the head of a fountain.



Stable, Unstable and neutral equilibrium

Equilibrium and stability
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• Stable equilibrium exists if the net force is zero, and small changes in the system would cause

an increase in potential energy.

• Unstable equilibrium exists if the net force is zero, and small changes in the system would

cause a decrease in potential energy.

• Neutral equilibrium exists if the net force is zero, and small changes in the system have no

effect on the potential energy.



Equilibrium and stability

Potential Energy  vs. Position Graph

For a conservative system potential energy is a function of

position only.

We now know that the (negative of) slope of a potential

energy vs. position graph is force.

Equilibrium occurs where the force is zero.

Thus the equilibrium positions are the positions where the

slope of the potential energy vs. position curve is zero.
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Let V(x) be the potential energy function.

A small deviation from the equilibrium position A (Vmin) would amount to an increase in the potential energy V

and as a result the kinetic energy T would decrease, the system being conservative. So the velocity would

decrease and the system would eventually come to rest, implying small and bounded motion about A. Such

equilibrium is called stable equilibrium.

If however a small deviation occurs from position B (Vmax), there is a decrease in V and a consequential increase

in the kinetic energy T and hence in velocity. This corresponds to unstable motion and the position of Vmax is

called as the position of unstable equilibrium.

If a small change in position is made from the position C there is no change in potential energy. This is the

position of neutral equilibrium.



Equilibrium and stability

The result F= -dV/dx is useful not only for computing the force but also for visualizing the stability of a system

from the potential energy plot. Suppose there is a force on the particle is F = -dV/dx, and the system is in

equilibrium,, i.e., dV/dx= 0. If this occurs at a minimum of V it is a stable equilibrium whereas if it is at a

maximum of V, the equilibrium is unstable.

Say, dV/dx= 0 occurs at some point x0. To find the stability one needs to examine d2V/dx2 at x0. If the second

derivative is positive, the equilibrium is stable; if it is negative, the system is unstable. If d2V/dx2 = 0, one must

look at higher derivatives. If all derivatives vanish so that V is constant in a region about x0, the system is said to

be in a condition of neutral equilibrium.

To test for stability we must determine whether V has a minimum or a maximum at x . 
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To test for stability we must determine whether V has a minimum or a maximum at x0. 
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Potential energy and equilibrium:

Potential energy and equilibrium
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Study of small oscillations

A particle is in equilibrium if the net force F acting on it is zero. If it is at rest at such a
point, it stays there forever because it has zero acceleration and so can never begin to
move. The equilibrium may be stable or unstable. At a stable equilibrium point, when the
particle is displaced slightly, the direction of the force is such as to tend to push it back
toward the equilibrium point. That is, for small displacements, the force is always
opposite in direction to the displacement.

At an unstable equilibrium point, a particle displaced slightly from equilibrium experiences
a force directed away from the equilibrium position (i.e., the same direction as the
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a force directed away from the equilibrium position (i.e., the same direction as the
displacement), and the particle tends to move farther and farther from the equilibrium
point.

The conditions for stable and unstable equilibrium can be expressed simply in terms of 
the force and potential energy functions F(x) and V(x). Suppose xo is an equilibrium point, 
so that F(xo) = 0. We expand F(x) in a Taylor series about this point:



Application of variational principle
The first term is zero because xo is an equilibrium point. If x - xo is very small, then the
second term is the dominant one. Thus for points very near the equilibrium position,

We see that if dF/dx is positive at xo, F is positive when x is greater than xo and negative
when x is less than xo. In each case the force tends to push the particle farther from the
equilibrium position. We conclude that when dF/dx is positive at xo , this is a point of
unstable equilibrium. A similar argument for the opposite case shows that when dF/dx is
negative at xo, it is a point of stable equilibrium.

Study of small oscillations
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negative at xo, it is a point of stable equilibrium.

These conditions can also be expressed in terms of the potential-energy function V(x).
Expanding it in a Taylor series about xo, we get

By selecting the origin at the coordinate system at the equilibrium position, we obtain
xo =0 and V(xo)=V(0)=0
Using (-dV/dx) x = xo and neglecting higher order terms we get
Where k>0 is the constant value of d2V/dx2 at the equilibrium point x = xo:

9
9

Classical  Dynamics                                    Paper:DSE 3 (Semester VI)                    9



The kinetic energy of the system is given by

So, for one dimensional case, the Lagrangian L of the system, slightly displaced from
equilibrium, is given by

The equation of motion, therefore is of the form

Study of small oscillations

10
10
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Which is the equation of motion of a simple harmonic oscillator having the general solution
x=acos (ωt-δ)

where ω=√(k/m) is the frequency of oscillation of the system.

Thus, the frequency is of oscillation is simply the square root of the ratio of the coefficient
of x2 in the expression of potential energy and that of v2 in the expression of the kinetic
energy.



Study of small oscillations

In terms of the coordinate xo and the initial speed v0 the expression for the amplitude a
and the phase δ is given by

a=√(x0
2  + v2/ω2)

and     δ=tan-1(-v0/ωx0).

The solution may also be written in terms of complex quantities as

x=Re[Ae iωt ],         where A=ae i δ
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x=Re[Ae iωt ],         where A=ae i δ

The complex amplitude containing the information of the phase.m

The total energy of the system is given by
E=(1/2)m ω2 a2.

Thus on being displaced from the equilibrium position, a system in stable equilibrium
executes, for small displacements and amplitude, harmonic oscillations about the
equilibrium position.



Systems performing small oscillations
Example: Two masses m1 and m2 are joined by a spring of force constant k. The spring gets

compressed and released so that the system vibrates with a frequency ω. Find the value of ω.

(1)(1)
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(1)
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