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Hamilton’s Variational Principle

We have already derived Lagrange’s equation in Semester III

considering the instantaneous state of the system and small virtual

displacements about the instantaneous state, i.e., using a Differential

Principle (a LOCAL principle) such as D'Alembert ’s Principle, which

is essentially based on Newton’s Law.
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In Semester VI, we shall derive Lagrange's equation from Hamilton’s

Principle: An Integral (or Variational) Principle (a GLOBAL principle)

that considers the entire motion of the system between times t1 and t2,

and small virtual variations of this motion from the actual motion.
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Hamilton’s Variational Principle

Since the state of a particle is specified by its position and velocity at a particular time, we look

for some function of those variables to work with. Then we look for a general principle involving

this function that tells us how the external world influences the particle’s state.

For a system of N particles, the system may be considered as 

a single particle moving along a trajectory in a 3N dimensional space.

The space is referred as configuration space and the single particle as system point.The space is referred as configuration space and the single particle as system point.

There is no necessary connection between configuration space (expressed in generalised

coordinates) and physical space (expressed in standard position coordinates). The generalised

coordinates need not even be position coordinates. Thus the trajectory of the system point in

configuration space need not have any necessary resemblance to the path in space of any actual

particle. Each point on the path represents the entire system configuration at some given

instant of time.
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Hamilton’s Variational Principle
Of all possible paths along which a dynamical system may move from one point to another within a

given time interval (consistent with constraints, if any), the actual path followed by the system is the

one for which the line integral of Lagrangian is extremum .

Thus, the motion of a dynamical system from t0 to t1 is such that the line integral I = ∫L dt is extremum

for actual path. Mathematically,

the action or action integral

where                           is the Lagrangian of the system.

In physics, action is an attribute of the dynamics of a physical system from which the equations of 

motion of the system can be derived through the principle of stationary action. Action has the 

dimensions of [energy]⋅[time] or [momentum]⋅[length], and its SI unit is joule-second.

Alternatively
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Lagrange’s Equation from Hamilton’s Principle

Derivation of Lagrange’s equation from Hamilton’s Principle
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Lagrange’s Equation from Hamilton’s Principle

Which are the required Lagrange’s equation of motion.
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Applications of Hamilton’s Variational Principle
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Applications of Hamilton’s Variational Principle
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Applications of Hamilton’s Variational Principle
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Applications of Hamilton’s Variational Principle

Therefore,
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Applications of Hamilton’s Variational Principle
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Solution:

Example 3. Apply variational principle to find the equation of motion of one dimensional 

harmonic oscillator.

Solution:

Applications of Hamilton’s Variational Principle
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Example 4:

Solution:              

Applications of Hamilton’s Variational Principle

(1)

(2)
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(4)

(5)

(3) and (4)

(2) becomes

(3)

Applications of Hamilton’s Variational Principle

(6)

(7)

(6) and (7)
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Example 5: Imagine that we have a particle than can move in one dimension (i.e. one

coordinate – for example its height y above a table − suffices to describe its position). Using

Hamilton’s Principle find the equation of motion.

Solution:

and

The lagrangian of the system is

According to Hamilton’s Principle, =0

Applications of Hamilton’s Variational Principle

=0

=0, say
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Applications of Hamilton’s Variational Principle
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Hamiltonian formalism
Lagrange formulation is in terms of generalized coordinates q and generalized Velocities

gives the equations of motion, which are second order in time. Instead if we regard N

generalized coordinates q and N generalized momenta p as independent variables, and again q

and p are defined at every instant of time t, we will get 2N 1st order equations. Hence the

2N equations of motion describe the behaviour of the system in a phase space whose coodinates

are the 2N independent variables. These are called canonical coordinates and canonical

momenta. This new formulation is known as Hamiltonian formulation.
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Hamilton’s equation from Hamilton’s Principle

Classical  Dynamics                                    Paper:DSE 4 (Semester VI)                                                                      18



Hamilton’s equation from Hamilton’s Principle
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Hamilton’s equation from Hamilton’s Principle

Hamilton’s canonical equations of motion are the necessary and sufficient conditions for the action to

have stationary value.
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Lagrangian from Hamiltonian and conversely..

Thus,

Hence,
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Lagrangian from Hamiltonian and conversely..
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Lagrangian from Hamiltonian and conversely..
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Applications of Hamilton’s equation
Example1:
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Applications of Hamilton’s equation

Classical  Dynamics                                    Paper:DSE 4 (Semester VI)                                                                      25



Applications of Hamilton’s equation

Example 2:
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Applications of Hamilton’s equation

This is the equation of motion of the system.

Now,

Hence,
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Applications of Hamilton’s equation
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Applications of Hamilton’s equation

Example 3: Find the equations of motion of a particle in a central field of force using Hamilton’s 

equations. 

Solution: In such a field the force is always directed to the centre. 

(1)

(2)

(3)

(4)
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Applications of Hamilton’s equation

(5)

(6)

(7)

(8)   

(9)

(7)  and (8)
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Applications of Hamilton’s equation

(5) and (6)

(10)

(11)(11)
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Symmetries and conservation laws

One very important discovery has been the link between conservation laws and basic symmetries

in nature. For example, empty space possesses the symmetries that it is the same at every location

(homogeneity) and in every direction (isotropy); these symmetries in turn lead to the invariance

principles that the laws of physics should be the same regardless of changes of position or of

orientation in space. The first invariance principle implies the law of conservation of linear

momentum, while the second implies conservation of angular momentum. The symmetry known

as the homogeneity of time leads to the invariance principle that the laws of physics remain the

same at all times, which in turn implies the law of conservation of energy.

Recall:
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Symmetries and conservation laws
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Symmetries and conservation laws
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Symmetries and conservation laws
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Symmetries and conservation laws
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