3.6: Non-homogeneous equations; method of
undetermined coefficients

Want to solve the non-homogeneous equation

y' +p)y + q(t)y = g(t), (NV)

Steps:

1. First solve the homogeneous equation
y" +pt)y +q(t)y =0, (H)

i.e., find yy, yo, linearly independent of each other, and form the general
solution

Y = C1Y1 + C2Y2.

2. Find a particular/specific solution Y for (N), by MUC (method of un-
determined coefficients);

3. The general solution for (N) is then
y=ya+tY =y +cy+Y.
Find ¢y, ¢ by initial conditions, if given.

Key step: step 2.

Why y =yyg + Y7
A quick proof: If yy solves (H), then

i + p)yn +a(t)ya =0, (4)
and since Y solves (N), we have
Y7+ pt)Y' +q(t)Y = g(1), (B)

Adding up (A) and (B), and write y = yg+Y, we get y"+p(t)y'+q(t)y = g(t).

Main focus: constant coefficient case, i.e.,
ay” + by’ +cy = g(2).
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Example 1. Find the general solution for y” — 3y’ + 4y = 3e?.
Answer. Step 1: Find yg.
P —3r—4=0r+1Dr—-4)=0, = r=-1, =4,
SO
Yg = cre”t + cpe

Step 2: Find Y. We guess/seek solution of the same form as the source term
Y = Ae?, and will determine the coefficient A.

Y' =24, Y" =4Ae*.

Plug these into the equation:

1
4Ae* —3-24e% —4Ae* =3e*, = —6A=3 = A= —5
SoY = —1e*.

Step 3. The general solution to the non-homogeneous solution is

1
y(t) =yg+Y = Cle_t + 0264t — 56%.

Observation: The particular solution Y take the same form as the source
term g(t).

But this is not always true.

Example 2. Find general solution for 3" — 3y’ + 4y = 2e™".

Answer. The homogeneous solution is the same as Example 1: yg = cie '+

coe*'. For the particular solution Y, let’s first try the same form as g, i.e.,

Y = Ae7t. SoY' = —Ae ') Y” = Ae~t. Plug them back in to the equation,
we get

LHS = Ae™" — 3(—Ae™") —4A4e™" =0 # 2¢~“ = RHS.

So it doesn’t work. Why?

We see r; = —1 and y; = e, which means our guess Y = Ae~! is a solution
to the homogeneous equation. It will never work.

t
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Second try: Y = Ate™t. So
Y =Ae ™' — Ate™", V' = —Ae Tt — Ae7 4 Ate™! = —24e7" + Ate™.
Plug them in the equation
(—2Ae™" + Ate™") — 3(Ae™" — Ate™") — 4Ate™" = —5Ae =27,
we get

2
_5A:2, = A:—g,

so we have Y = —%te‘t.

Summary 1. If g(t) = ae®, then the form of the particular solution Y
depends on 71,79 (the roots of the characteristic equation).

| case | form of the particular solution Y |
r1 # « and o # « Y — Aect
1= orry =a, but 1 # ry Y = Atet
T =Ty =« Y — Af2e0t

Example 3. Find the general solution for
y' — 3y — 4y =3t> + 2.

Answer. The yy is the same yg = cie™t + coe.

Note that g(¢) is a polynomial of degree 2. We will try to guess/seek a
particular solution of the same form:

Y = At* + Bt + C, Y' = 2At + B, Y” =2A
Plug back into the equation

2A—3(2At4b)—4(At*+ Bt+C) = —4At?— (6 A+4B)t+(2A—3B—4C) = 3t*+2.
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Compare the coefficient, we get three equations for the three coefficients
A B, C:

—4A =3 — A:—3

4
9
—(6A+4B) =0, — B=2
1 55
2A—-3B—-4C=2, - C=-(2A-3B—-2)=——
4 32
So we get
3 9 55
Y(t)= -1+t — —.
S LU

But sometimes this guess won’t work.

Example 4. Find the particular solution for y” — 3y’ = 3t> + 2.

Answer. We see that the form we used in the previous example Y =
At? + Bt + C won’t work because Y” — 3Y’ will not have the term ¢2.

New try: multiply by a t. So we guess Y = t(At?+ Bt +C) = At*+ Bt*+C'.
Then
Y' =3At* +2Bt+C, Y" =G6At+2B.

Plug them into the equation
(6At+2B) —3(3At* +2Bt+C) = —9At*+ (6A—6B)t+ (2B —3C) = 3t*+2.

Compare the coefficient, we get three equations for the three coefficients
A B,C:

—9A =3 — A:—%
1
(6A-65)=0, - B=A=—,

2B -3C =2, — C:%(zB_z):_g

SoY =t(—3t? — 3t —3).
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Summary 2. If g(¢) is a polynomial of degree n, i.e.,
g(t) = apt" + - + it + ag
the particular solution for
ay” + by’ +cy = g(t)

(where a # 0) depends on b, ¢:

‘ case ‘ form of the particular solution Y ‘

c=0butb£0| Y =tP,(t) =t(At" + -+ Ajt + Ap)
c=0and b=0|Y =t*P,(t) = t>(At" + - - - + At + Ap)

Example 5. Find a particular solution for

y" — 3y — 4y = sint.

Answer. Since g(t) = sint, we will try the same form. Note that (sint) =
cost, so we must have the cost term as well. So the form of the particular
solution is

Y = Asint + Bcost.

Then
Y’ = Acost — Bsint, Y" = —Asint — Bcost.

Plug back into the equation, we get

(—Asint — Beost) —3(Acost — Bsint) —4(Asint + bcost)
= (—bA+3B)sint+ (—3A —5B)cost = sint.

So we must have
—-5A+3B=1, —-3A-5B=0, - A= B= .

So we get



But this guess won’t work if the form is a solution to the homogeneous
equation.

Example 6. Find a general solution for y” + y = sint.

Answer. Let’s first find yy. We have 2 +1 = 0, so r15 = =i, and
Yy = €1 €08t + cosint.

For the particular solution Y: We see that the form Y = Asint + Bcost
won’t work because it solves the homogeneous equation.

Our new guess: multiply it by ¢, so
Y (t) = t(Asint + Bcost).

Then
Y’ = (Asint + Bcost) + t(Acost + Bsint),

Y" = (-2B — At)sint + (2A — Bt) cost.
Plug into the equation

Y"+Y = —2Bsint +2Acost =sint, = A=0, B=—_

So 1
Y(y) = —§t cost.

The general solution is

1
y(t) =yy +Y = cycost+ casint — itcost.

Summary 3. If g(t) = asin at + bcos at, the form of the particular solution
depends on the roots r, rs.

‘ case ‘ form of the particular solution Y ‘
T2 # tai Y = Asinat + Bcosat

T2 = fai Y = t(Asinat + B cos at)

Next we study a couple of more complicated forms of g.
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Example 7. Find a particular solution for
y" — 3y — 4y = te'.
Answer. We see that g = Pi(t)e™, where P; is a polynomial of degree 1.

Also we see 11 = —1,1ry = 4, s0 r; # a and ry # a. For a particular solution
we will try the same form as g, i.e., Y = (At + B)e'. So

Y' = Ae' + (At + b)e' = (A + b)e' + Ate,
Y"=...=(2A+ B)e' + Ate".
Plug them into the equation,
[(2A+B)e'+ Ate'| —3[(A+b)e' + Ate'|—4(At+B)e' = (—6At—A—6B)e’ = te'.
We must have —6At — A — 6B =1, i.e.,

1 1 1 1
—6A=1, —A—6B= A=—->B=_ Y = (—>t+—)e.
6 , 6 0, = 6 26’ = ( 6t+36)e

However, if the form of g is a solution to the homogeneous equation, it won’t
work for a particular solution. We must multiply it by ¢ in that case.

Example 8. Find a particular solution of

y' — 3y — 4y =te "

Answer. Since a = —1 = rq, so the form we used in Example 7 won’t work
here. Try
Y =t(At + B)e ' = (At* + Bt)e .
Then
Y'=...=[-At* + (2A — B)t + Ble !,
Y =... = [At? + (B — 4A)t + 2A — 2BJe™".

Plug into the equation

[A? + (B — 4A)t +2A — 2Ble™" — 3[—At* + (24 — B)t + Ble ™" — 4(At*> + Bt)e™
= [-10At+2A—5BJe™" = te'.
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So we must have —10At + 24 — 5B = t, which means

1 1
~10A=1, 24-5B=0, = A=-5. B=-5.

Then

Summary 4. If g(t) = P,(t)e* where P,(t) = a,t" + -+ ajt + ap is a
polynomial of degree n, then the form of a particular solution depends on
the roots ry, rs.

case ‘ form of the particular solution Y

r1#a and ry # a Y = Pn(t)e“t = (A" + -+ At + Ag)e™

ri=aorry=abut ry #£ry | Y =tP,(t)e™ = t(At" + - + Ayt + Ag)e™

rn =Trqo=a Y = tzpn(t)ﬁ’at - t2(Antn +-+ Alt + A0)6at

Other cases of g are treated in a similar way: Check if the form of g is a
solution to the homogeneous equation. If not, then use it as the form of a
particular solution. If yes, then multiply it by ¢ or 2.

We summarize a few cases below.

Summary 5. If g(t) = e (a cos St + bsin 5t), and r1, ry are the roots of the
characteristic equation. Then
‘ case ‘ form of the particular solution Y ‘

re #a+if Y = e*(Acos St + Bsin (t)
ro=axif | Y =t-e*(Acosft+ Bsinft)

Summary 6. If g(t) = P,(t)e*(acos St + bsin 5t) where P,(t) is a poly-
nomial of degree n, and rq, 79 are the roots of the characteristic equation.
Then
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‘ case ‘ form of the particular solution Y ‘
roF#atif | Y =e[(At"+ -+ Ag)cos St + (But" + -+ + By) sin 3]
ro=a=xif | Y =t e[(At" + -+ Ag) cos Bt + (B,t" + - - - + By) sin ft]

If the source g(t) has several terms, we treat each separately and add up
later. Let g(t) = g1(t) 4+ g2(t) + - - - gn(t), then, find a particular solution Y;
for each g;(t) term as if it were the only term in g, then Y = Y1+ Yo+ --Y},.
This claim follows from the principle of superposition.

In the examples below, we want to write the form of a particular solution.

Example 9.  y" — 3y — 4y = sin 4t + 2e* + &7 — ¢,

Answer. Since r; = —1,ry = 2, we treat each term in g separately and the
add up:
Y (t) = Asindt + Bcos4tCte* + De® + (Bt + F).

Example 10. y" + 16y = sin 4t + cost — 4 cos 4t + 4.

Answer. The char equation is 7* + 16 = 0, with roots 71, = £4i, and
Y = ¢1 sin 4t + ¢y cos 4t.

We also note that the terms sin 4t and —4 cos 4t are of the same type, and
we must multiply it by ¢. So

Y = t(Asindt + Bcos4t) + (Ccost + Dsint) + E.

Example 11. " — 2y +2y = el cost + 8elsin 2t + te ! + 4e 7t + 2 — 3.
Y Y

Answer. The char equation is 72 — 27 4+ 2 = 0 with roots r12 = 1£14. Then,
for the term e’ cost we must multiply by ¢.

Y = te' (A} cos t+ Ay sint)+e' (B cos 2t-+ By sin 2t)4-(C1t+Cp)e '+ De '+ ( Fyt* + Fit+Fy).
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