CHAPTER 2

Limit Points:
Open and Closed Sets

2.1 INTRODUCTION

In this chapter, we shall study the concept of neighbourhood of a point, open and closed sets, and limit
points of a set of real numbers and the Bolzano-Weierstrass theorem, which is one of the most fundamental
theorems of Real Analysis and lays down a sufficient condition for the existence of limit points of a set.
We shall be dealing only with real numbers and sets of real numbers unless otherwise stated.

2.1.1 Neighbourhood of a Point

Aset N c Ris called the neighbourhood of a point g, if there exists an open interval / containing @ and
contained in N,

ie., acl CN

It follows from the definition that an open interval is a neighbourhood of each of its points. Though
open intervals containing the point are not the only neighbourhoods of the point but they prove quite
adequate for a discussion like ours and are more expressive of the idea of neighbourhoods as understood

in ordinary language. We shall, therefore, whenever convenient, take the open interval ]Ja — &, a + [
where 8 > 0 as a neighbourhood of the point a.

Deleted Neighbourhoods

The set {x :0<|x—a|<d},

i.e., an open interval Ja — &, a + [ from which the number a itself has been excluded or deleted is
called a deleted neighbourhood of a.

Note. For the sake of brevity, we shall write neighbourhood as ‘nbd’.

ILLUSTRATIONS

1. The set R of real numbers is the neighbourhood of each of its points.
2. The set Q of rationals is not the nbd of any of its points.

3. The open interval ]a, b[ is nbd of each of its points.
4

. The closed interval [a, b] is the nbd of each point of ]a, b[ but is not a nbd of the end points a
and b.
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5. The null set ¢ is a nbd of each of its points in the sense that there is no point in ¢ of which it
is not a nbd.
Example 2.1. A non-empty finite set is not a nbd of any point.

Solution. A set can be a nbd of a point if it contains an open interval containing the point. Since an
interval necessarily contains an infinite number of points, therefore, in order that a set be a nbd of a point
it must necessarily contain an infinity of points. Thus a finite set cannot be a nbd of any point.

Example 2.2. Superset of a nbd of a point x is also a nbd of x. i.e., if N is a nbd of a point x and
M D N, then M is also a nbd of x.

Example 2.3. Union (finite or arbitrary) of nbds of a point x is again a nbd of x.

Example 2.4. If M and N are nbds of a point x, then show that M N N is also a nbd of x.

Solution. Since M, N are nbds of x, 3 open intervals enclosing the points x such that

xe|x-68,x+8[cMandxe|x-8,,x+5[cN
Let 5 Zmin (51, 82) Then
Jx-8,x+8[c]x-6,x+8[cM

and
Jx-6.x+8[c]x-8,,x+8,[cN
= |x-8,x+8[cMnN
= M N N is a nbd of x.

2.1.2 Interior Points of a Set

A point x is an interior point of a set S if S is a nbd of x. In other words, x is an interior point of S if 3 an
open interval ]a, b[ containing x and contained in S,

ie., X€ la,b[CS.
Thus a set is a neighbourhood of each of its interior points.

Interior of a Set. The set of all interior points of a set is called the interior of the set. The interior of
a set S is generally denoted by S'.

Exercise 1. Show that the interior of the set N or I or Q is the null set, but interior of R is R.
Exercise 2. Show that the interior of a set S is a subset of S, i.e., S — S.

2.1.3 Open Set
A set S is said to be open if it is a nbd of each of its points, i.e., for each x€ S, there exists an open
interval [, such that
xel cCS.
Thus every point of an open set is an interior point, so that for an open set S, S' = S.

Evidently, Sisopen & § =5
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Of course the set is not open if it is not a nbd of at least one of its points or that there is at least one
point of the set which is not an interior point.

ILLUSTRATIONS

The set R of real numbers is an open set.

The set Q of rationals is not an open set.

The closed interval [a, b], is not open for it is not a neighbourhood of the end points a and b.
The null set ¢ is open, for there is no point in ¢ of which it is not a neighbourhood.

A

A non-empty finite set is not open.
1 .

6. The set y—:n€ N is not open.
n

Exercise. Give an example of an open set which is not an interval.

Example 2.5. Show that every open interval is an open set. Or, every open interval is a nbd of each of
its points.

Solution. Let x be any point of the given open interval ]a, b[ so that we have a < x < b.

c d

Let ¢, d be two numbers such that
a<c<x,andx<d<b
so that we have

a<c<x<d<b=xe]|c,d[c]a,b|.

Thus the given interval Ja, b[ contains an open interval containing the point x, and is therefore a nbd
of x.
Hence, the open interval is a nbd of each of its points and is therefore an open set.

Exercise. Show that every point of an open interval is its interior point.
Example 2.6. Show that every open set is a union of open intervals.

Solution. Let S be an open set and x; a point of S.
Since S is open, therefore 3 an open interval /., for each of its points x; such that
x/IEIXA cS VXAES

Again the set S can be thought of as the union of singleton sets like {x; },

ie., S= U {x;}, where A is the index set
AeA
S=U{xy}lc U1, cs
AeA ren Tt

S=U1I
= AEA

X
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Theorem 2.1. The interior of a set is an open set.
Let S be a given set, and S’ its interior.
If S' =¢, then S’ is open.
When §' # ¢, let x be any point of §'.
As x is an interior point of S, 3 an open interval 7, such that
xel, CS.
But 7., being an open interval, is a nbd of each of its points.
= every point of 7, is an interior point of 7,, and

I, c S = every point of [ is interior point of S.

I,cS'
= xcl, c S = any point x of S is interior point of S
= §* is an open set.

Corollary. The interior of a set S is an open subset of S.

Theorem 2.2. The interior of a set S is the largest open subset of S.
or
The interior of a set S contains every open subset of S.
We know that the interior S’ of a set S is an open subset of S. Let us now proceed to show that any

open subset S, of S is contained in S’
Let x be any point of .
Since an open set is a nbd of each of its points, therefore S, is a nbd of x.
But S is a superset of S.
S is also a nbd of x

= X is an interior point of S
= xe S
Thus xe 8, = xe s’

S, s’

Hence, every open subset of S is contained in its interior S'.

= §i, the interior of S, is the largest open subset of S.
Corollary. Interior of a set S is the union of all open subsets of S.

Theorem 2.3. The union of an arbitrary family of open sets is open.

Let F be the union of an arbitrary family <7 = {S,: A € A} of open sets, A being an index set. To
prove that F is open, we shall show that for any point x € F', it contains an open interval containing x.

Let x be any point of F. Since F is the union of the members of 7 , 3 at least one member, say S,
of o# which contains x. Again, S, being an open set, 3 an open interval I, such that
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xel, CcS§, CF.

Thus the set F contains an open interval containing any point x of F' = F is an open set.
Theorem 2.4. The intersection of any finite number of open sets is open.

Let us consider two open sets S, T.

It $T =¢, itis an open set.

If ST #¢, letx be any pointof § N T.

Now xe SNT=xe SAxeT.

= S, T are nbds of x. [+ S, T are open]|

= S NT is anbd of x.

But since x is any point of S N T, therefore S N T is a nbd of each of its points. Hence, S N T is
open.

The proof may of course be extended to a finite number of sets.
Note. The above theorem does not hold for the intersection of arbitrary family of open sets.

Consider for example the open sets
11
Sn::|__’ _[’ ne N
non
Their intersection is the set {0} consisting of the single point 0, and this set is not open.

2.2 LIMIT POINTS OF A SET

Definition 1. A real number & is a limit point of aset S (C R) if every nbd of & contains an infinite
number of members of S.

Thus & is a limit point of a set S if for any nbd N of &, N NS is an infinite set.

A limit point is also called a cluster point, a condensation point or an accumulation point.

A limit point of a set may or may not be a member of the set. Further it is clear from the definition
that a finite set cannot have a limit point. Also it is not neccesary that an infinite set must possess a limit
point. In fact a set may have no limit point, a unique limit point, a finite or an infinite number of limit
points. A sufficient condition for the existence of a limit point is provided by Bolzano-Weierstrass theorem
which is discussed in the next section. The following is another definition of a limit point.

Definition2. A real number & is alimit point of aset S (C R) if every nbd of & contains at least one
member of S other than &.

The essential idea here is that the points of S different from & get ‘arbitrarily close’ to & or ‘pile up’
at &.
Evidently definition 1 implies definition 2. Let us now prove that definition 2 implies definition 1.

E-96, I3 X, Xy E+9,
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Let £ be a limit point of the set S (€ R) such that every nbd of & contains at least one point of S
other than &. Let 1& —§,, & + §,[ be one such nbd of & which contains at least one point, say,
x, # & of S.

Let |x; — €| =6, <&,. Now consider the nbd 1& - 8,, & + 8,[ of & which by def. 2 of a limit
point, must have one point, say, x, of S other than &.

By repeating the argument with the nbd 1& — 85, € + 8,[ of & where §; =|x, — &| and so on, it
follows that the nbd 1& — §;, & + §;[ of & contains an infinity of members of S.

Hence, Def. 2 = Def. 1.

It is instructive to note that a point & is not a limit point of a set S if 3 even one nbd of & not
containing any point of S other than &.

Exercise. Give a bounded set having (i) no limit point, (i7) infinite numbers of limit points.
Derived Sets. The set of all limit points of a set S is called the derived set of S and is denoted by §".

ILLUSTRATIONS

1. The set I has no limit point, for a nbd } m—%,m+ %[ of m € I, contains no point of I other

than m. Thus the derived set of I is the null set ¢-

2. Every point of R is a limit point, for, every nbd of any of its points contains an infinity of
members of R. Therefore R = R.

3. Every point of the set Q of rationals is a limit point, for, between any two rationals there exist
an infinity of rationals. Further every irrational number is also a limit point of Q for between
any two irrationals there are infinitely many rationals. Thus every real number is a limit point

of Q, so that Q" = R.

1 S S
4. The set {—: ne N} has only one limit point, zero, which is not a member of the set.
n

5. Every point of the closed interval [a, b] is its limit point, and a point not belonging to the
interval is not a limit point. Thus the derived set [a, b] =[a, b].

6. Every point of the open interval ]a, b[ is its limit point. The end points a, b which are not
members of |a, b[ are also its limit points. Thus

la,b[ =[a, b].
Examples. Obtain the derived sets:
1. {x:0<x<1},
2. {x:0<x<1,xeQ},
304 -11d, 14, - 14, L)

22 2° 3°

4, {1+l:ne N},
n
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5. {l+l:me N,ne N}.
m n

2.2.1 A finite set has no limit point. Also we have seen that an infinite set may or may not have limit
points. We shall now discuss a theorem which sets out sufficient conditions for a set to have limit points.

Bolzano-Weierstrass Theorem (for sets). Every infinite bounded set has a limit point.

Let S be any infinite bounded set and m, M its infimum and supremum respectively. Let P be a set of
real numbers defined as follows:

x € P iff it exceeds at the most a finite number of members of S.

The set P is non-empty, for M € P. Also M is an upper bound of P, for no number greater than or
equal to M can belong to P. Thus the set P is non-empty and is bounded above. Therefore, by the order-
completeness property, P has the supremum, say &. We shall now show that £ is a limit point of S.

Consider any nbd. 1& — €, & + €[ of &, where € > 0.

Since & is the supremum of P, 3 at least one member say 1 of P such that n > & — €. Now 1
belongs to P, therefore it exceeds at the most a finite number of members of S, and consequently
£ — € (<n) can exceed at the most a finite number of members of S.

Again as & is the supremum of P, & + € cannot belong to P, and consequently & + & must exceed
an infinite number of members of S.

Now & — € exceeds at the most a finite number of members of S and & + € exceeds infinitely many
members of S.

= 1€ — €, & + €[ contains an infinite number of members of S.

Consequently & is a limit point of S.

2.2.2 Example 2.7. If S and T are subsets of real numbers, then show that
() ScT=S8cT’, and
(i) (SUTY =8 UT".
Solution. (i) If S"=¢, then evidently S" c T".
When S’ # ¢, let £€ S” and N be any nbd of &.
= N contains an infinite number of members of S.
But SCT,
~. N contains infinitely many members of T’
= ¢ islimit pointof T, i.e., E€ T
Thus E€ "= Ee T
Hence S'c T
(i) Now ScSUT=Sc(SUTY
and TcSuT=>T’c(SuT)/
Consequently, S'uT c(Su T)/ (1)



30 Principles of Real Analysis

Now we proceed to show that (S UT) c S"UT".
If (SUT) =¢, thenevidently (SUT) 8" UT".
When (S UT) #¢, let E€ (SUT).
Now & is a limit point of (S U T'), therefore, every nbd of & contains an infinite number of points

of (S UT)= every nbd of & contains infinitely many points of S or T or both.

= £ is alimit point of S or a limit point of T

= teS'VvéeTlT = EeS'UT.
Thus ée(SuT)/:>§eS’uT’.
Consequently, (Su T)/ csS'ur’ (2

From (1) and (2) it follows that
(SuT)/=S’uT’
Thus the derived set of the union = the union of the derived sets.
(ii) Aliter. To show that (SUT) c S ' UT’
We may show that E¢ S UT = e (SUT).
Now & ¢ S” U T’ implies that £ does not belong to either.
= & isnot a limit point of S or of T
~.3 nbds. N,, N, of & such that N, contains no point of S other than & and N, contains no point
of T other than possibly &.
Again, since N, " N, c N;, N, " N, C N, therefore 3 anbd. N, n N, of & which contains no
point other than & of S or of 7 and thus of S U T.

= & is not a limit point S U T.

= e (S uT)/

Thus éeS'uT’ﬁée(SuT)/
so that (Su T)/ cS'urT’

Example 2.8. (i) If S, T are subsets of R, then show that
(SNT) cS' AT
(ii) Give an example to show that (S N 7T)" and S N T’ may not be equal.
Solution. (i) Now S "\T cS=(SNT) c§’
and SANTCT=(SNT) T’

Consequently, (S N T)/ cS'NnT’
(if) LetS=11,2[ and T = ]2, 3], so that

SAT=¢g=(SNT) =¢'=9.
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Also S’ =[1,2], 7" =2, 3]
S'AT ={2}
Thus (SAT) 28 AT

2.3 CLOSED SETS: CLOSURE OF A SET

2.3.1 A real number & is said to be an adherent point of a set S (C R) if every nbd of £ contains
at least one point of S.

Evidently an adherent point may or may not belong to the set and it may or may not be a limit point
of the set.

It follows from the definition that a number & € S is automatically an adherent point of the set, for,
every nbd of a member of the set contains atleast one member of the set, namely the member itself.
Further a number & & S is an adherent point of Sonly if & is a limit point of S, for, every nbd of & then
contains atleast one point of S which is other than ¢&.

Thus the set of adherent points of S consists of S and the derived set S’
The set of all adherent point of S, called the closure of S, is denoted by S, and is such that
S=sus’.
ILLUSTRATIONS
. I=Tul'=Tu¢=1.
2.Q=QuUQ'=QUR=R.
3. R=RUR'=RUR=R
4. 9=9ud=puUd=9.
2.3.2 Closed Sets

A set is said to be closed if each of its limit points is a member of the set.

In other words a set S is closed if no limit point of S exists which is not contained in S. In rough
terms, a set is closed if its points do not get arbitrarily close to any point outside of it.

Thus a set S is closed iff
§'cS or §=5.
Consequently, a closed set is also defined as a set S for which
S=S.
It should be clearly understood that the concept of closed and open sets are neither mutually exclusive
nor exhaustive. The word not closed should not be considered equivalent to open. Sets exist which are

both open and closed, or which are neither open nor closed. The set consisting of points of ]a, b] is
neither open nor closed.

ILLUSTRATIONS

1. [a, b] is a set which is closed but not open.
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2. The set [0, 1] U[2, 3], which is not an interval, is closed.

3. The null set ¢ is closed for there exists no limit point of ¢ which is not contained in ¢. As
was shown earlier, ¢ is also open.

4. The set R of real numbers is open as well as closed.

5. The set Q is not closed, for Q" =R ¢ Q. Also it is not open.

1 o C
6. {—: ne N} is not closed, for it has one limit point, 0, which is not a member of the set. Also
n

it is not open.
7. Every finite set A is a closed set, for its derived set A'=¢CA.
8. A set A which has no limit point coincides with its closure, for A’=¢ and A=AUA = A.

2.3.3 Typical Examples

Example 2.9. Show that the set S ={x:0 < x <1, xe R} is open but not closed.

Solution. The set S is the open interval ]0, 1[.
.. It contains a nbd of each of its points. Hence, it is an open set.

Again every point of S is a limit point. The end points 0 and 1 which are not members of the set are
also limit points. Thus § is not closed.

Example 2.10. Show that the set
ol b1t
223 3

Solution. The members of S heap or cluster near zero on both sides of it and every nbd of zero contains
an infinite number of points of S. Thus 0 & S is a limit point = S is not closed.

is neither open nor closed.

Again § is not open for it does not contain any nbd of any of its points. For example, a nbd

1 1 1 1

1
— — _’ —_— + — — . . . .
} 3710073 " 100 [ of 3 is not contained in the set. Hence, the set is not open.

Example 2.11. Show that the set

1, -1, 11, —11, ll, —ll,
2 23 3

is closed but not open.
Solution. 1 and —1 are the only limit points of the set and are in the set. Therefore, the set is closed.
Again all members of the set (except 1, —1) are not the interior points of the set. Thus the set is not
open.
Hence, the set is closed but not open.

The relationship between closed and open sets is brought out by Theorem 2.5 that follows and is
sometimes taken as the definition of a closed set.
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2.3.4 Some Important Theorems

Theorem 2.5. A set is closed iff its complement is open.

Necessary. Let S be a closed set. We shall show that its complement R — § = T'is open. Let x be any
point of 7.

xeT=x¢S.
Also, since S is closed, x cannot be a limit point of S. Thus 3 a nbd N of x such that
NNS=¢.
= N C T = every point of T is an interior point.
Thus 7T is an open set.
Sufficient. Let S be a set whose complement R — § = T'is open.
To show that S is closed, we shall show that every limit point of S is in S.

Let, if possible, a limit point & of S be not in S so that & is in 7. As T is open, 3 a nbd of &
contained in 7 and thus containing no point of S.

3 anbd N of & which contains no point of S.
= ¢ isnot a limit point of S; which is a contradiction.
Hence no limit point of S exists which is not in S.
S is closed.
Theorem 2.6. The intersection of an arbitrary family of closed sets is closed.
Let F be the intersection set of an arbitrary family &# = {§, : A€ A} of closed sets, A being an
index set.
If the derived set F’ of Fis ¢, i.e., when F is a finite set or an infinite set without limit points, then
evidently it is closed.
When F'# ¢, let £€ F’, i.e. £ be alimit point of F, so that every nbd of £ contains infinitely
many members of F and as such of each member S, of the family &7 of closed sets.

= £ 1is limit point of each closed set S,
= & belongs to each Slﬁfelm S,=F.
eA

Thus the set F'is closed.
Note. We have given an independent proof but on taking complements, this theorem follows from theorem 2.3.

Theorem 2.7. The union of two closed sets is a closed set.
Let S, T be the two given closed sets and & a limit point of F, where F =S UT.
We have to show that £ € F, for then, the set F will be closed.

Letif possible E¢ F, thus E¢ S A& ¢ T. Alsoas S, Tare closed sets, the point & which does not
belong to them, cannot be a limit point of either.
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-. 3 nbds N, and N, of & such that
NNS=¢0AN,NT =¢. ..(1)
Let NN N,=N,where§ € N.
.. From (1) it follows that
NN (SuT)=¢=NnNF=¢.
Thus 3 a nbd N of & which contains no point of F.
= & is not a limit point of F, which is a contradiction.

Hence, no point not belonging to F'can be its limit point, and consequently F' = § U T isaclosed set.

Remarks 1. The theorem can be extended to the union of a finite number of sets. So we may restate the theorem as:
The union of a finite number of closed sets is closed.
2. We have given an independent proof but the theorem follows from theorem 4 on taking complements.
3. The union of an arbitrary family of closed sets may not always be a closed set. For example, let

Sn=|:a+l,a+2},forneNAaeR.
n

Then Y S,=]a,a+ 2], which is not a closed set.
ne

Theorem 2.8. The derived set of a set is closed.
Let S” be the derived set of a set S.
We have to show that the derived set S” of S’ is contained in S’.

Now if S”=¢, i.e., when S is either a finite set or an infinite set without limit points, then
S”=¢ c 8’ and therefore S’ is closed.

When S” # ¢, let £€ S”, ie., & be alimit point of S,
. Bvery nbd N of & contains at least one point 1) # & of S
Again,

ne S’ =n is alimit point of §

= every nbd of 1, N being such a nbd, contains infinitely many points of S.

Thus every nbd N (of £) contains an infinitely many points of S
= £ isalimit point of S, i.e., £ € §".
Consequently £€ S"=E€e S’

S”c S’, ie., S’ is aclosed set.

’

Corollary 1.  §” is closed, and therefore the closure of §” is S”,ie., S =S".
Corollary 2. For every set S the closure § is closed.

We have simply to show that (S)" c §.

~\/

Now, (S)=(sus)y=5us"=5cS. (ref §22)
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Corollary 3. For every set S, S=S

S=5uE)=S.
Theorem 2.9. The supremum (infimum) of a bounded non-empty set S (C R), when not a member
of S, is a limit point of S.
Let M be the supremum of the bounded set S (< R), which must exist by the order completeness

property of R.If M ¢ S, then for any number € > 0, however small, 3 at least one member x of S such
that

M—-e<x<M.

Thus every nbd of M contains atleast one member x of the set S other than M. Hence M is a limit
point of S.

Corollary. The supremum (infimum) M of a bounded set S is always a member of the closure S of S.
When M € S,
MeS=>MeSuUS =S
When M ¢ S,
MgS=>MeS=>MeSUS =S
Consequently M € S.
Theorem 2.10. The derived set of a bounded set is bounded.
Let m, M be the bounds of a set S.
It will now be shown that no limit point of S can be outside the interval [m, M].
Let, if possible, & > M be a limit point of S, and & be a positive number such that € < & — M.

E-¢ E+e
| | | | |

m M I3

Then since M is an upper bound of S, no member of S can lie in the interval 1& —¢€,& + €[,
therefore 3 a nbd of & which contains no point of S so that £ cannot be a limit point of S.
Hence S has no limit point greater than M.
Similarly it can be shown that no limit point of S is less than m.
Hence S c[m, M].
Corollary. If S is bounded then so is its closure S.
ScmM]=Sc[mM]=S=SuS c[m M]

Remark. If supremum M (infimum m) of S is not a member of S, then it is a limit point of S and in view of the above
theorem, it is the greatest (least) member of S
However, if it is a member of S, then it is not necessarily a limit point of S, so that M (or m) may not be a
member of S’ c [m, M]. Thus M, m may not always be supremum and infimum of S’ but they are always

sofor S=SuUS.

1 1 1 .1
F le, for the set S =4-1,1, -1—,1—, -1-,1—, ...
or example, for the se { 215 313 }
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1 1
==, M=1=, §'={-1,1
m > > {-1,1}

inf S’=—1#m, SupS'=1=M
but
inf S=m,Sup S=M.

Theorem 2.11.  The derived set S” of a bounded infinite set S (C R) has the smallest and the greatest
members.

Since the set S is bounded, therefore S is also bounded. Also S’ is non-empty, for by Bolzano-
Weierstrass theorem S has at least one limit point.

Now S’ may be finite or inifinite.
When S’(# ¢) is finite, evidently it has the greatest and the least members.

When S’ is infinite, being bounded set of real numbers, by order-completeness property of R, it has
the supremum G and the infimum g.

It will now be shown that G, g are limit points of S,

Le., GeS’, ges’
Let us first consider G.
1G —€,G+ €[, € >0, be any nbd of G.

Now G being the supremum of S’, 3 at least one member £ of §” such that G — ¢ <& <G.

Thus 1G — ¢, G+ ¢[isanbd of &.

But & is a limit point of S, so that ]G — €, G + €[ contains an infinity of members of S

= any nbd |G — €, G + €[ of G contains an infinite number of members of §

= G is alimit pointof S = Ge §’

Similarly, it can be shown that g € S”.

Thus G € §” and g € S/, being supremum and infimum of S”, are the greatest and the smallest
members of S”.

The theorem may be restated as:

Every bounded infinite set has the smallest and the greatest limit points.

The smallest and greatest limit points of a set are called the lower and upper limits of
indetermination or simply the lower and upper limits respectively of the set.





